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STATISTICAL THERMODYNAMIC CALCULATION OF
NEMATIC-ISOTROPIC COEXISTENCE LINES IN BINARY
MIXTURES OF LIQUID CRYSTALS: 4,4"~di~n,n”~-
ALKOXYAZOXYBENZENES

SHARON R. LUNT* and GERALD R, VAN HECKE
Department of Chemistry
Harvey Mudd College
Claremont, Ca. 91711

Recently Palffy-Muhoray, Dunmur, Miller, and
Balzarini (PDMB) applied a modified Maier-Saupe
mean field treatment to the calculation of
properties of binary mixtures of nematogens.

The theory of PDMB is here applied to some phase
diagrams of 4,4”°-di-n,n"~alkoxyazoxybenzenes

that were previously quantitatively studied. The
The PDMB equations were expanded using confluent
hypergeometric functions for ease of calculation.
Also predications for the slopes of the phase
diagrams were calculated by recasting the
statistical thermodynamic formulas for use in a
new thermodynamic formulation called the equal G
analysis. Reasonable agreement between theory
and experiment was obtained.

INTRODUCTION
For some time the question of two-phase
coexistence in liquid crystalline mixtures,

particularly binary mixtures of nematic and/or

* Present address: AT&T Bell Laboratories
Murray Hill, N.J. 07974
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smectic liquid crystals has been the subject of
much theoretical discussion and experimental
verification. There no longer seems to be any
experimental doubt as to the reality of phase
coexistence, though the composition-temperature
region over which phases coexist is more often
than not quite small, Theoretical approaches
discussing the question have used lattice model,
hard particle, and molecular field theories.(1)
Most work, by whatever theory, has been directed
towards systems of a mesogen with a non-mesogenic
solute and then only over short composition ranges
close to that of the pure mesogen,(2) Little work
to date has addressed the problem of calculating
the two phase coexistence lines, herein called the
nematicus for N-——> N 4+ I and the liquidus for I—>
N + I, for the entire composition region, mole
fraction zero to one. A seminal work in this area
is that of Humphries, James, and Luckhurst who did
address the problem with a mean field theory for
the nematicus over the entire composition region
but did not calculate the liquidus.(3) A lattice
model was used by Sivardiere in which he took the

solid, nematic, isotropic phase equilibria to be
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analogous to a spin one and spin one-~half lattice
gas. With an Ising like Hamiltonian solved in a
molecular field manner, he calculated many types
of phase diagrams with the correct topologies for
the experimentally observed nematic liquid
diagrams.(4) In a different manner Phaovibul and
Tang used the psuedo-potential suggested by
Humphries, James, and Luckhurst in a
Bethe-Peierls-Weiss cluster approach for the
evaluation of the partition function.(5) Their
treatment while matching the shape of the binary
phase diagrams of some mixtures of symmetric
alkoxyazoxybenzenes, nevertheless only accounted
for the liquidus line. Also within a mean field
treatment, Palffy-Muhoray, Dunmur, Miller and
Balzarini (PDMB) have extended the simple
Maier~Saupe treatment to a theory for mixtures
that does successfully predict the nematicus and
liquidus lines.(6) We have applied the theory of
PDMB to the experimentally studied phase diagrams
of 4,4°-di-n,n"-alkoxyazoxybenzenes (the same as
those studied by Phaovibul and Tang) and have
shown that these phase diagrams can be reasonably

well accounted for by knowledge of just the pure
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component transition temperatures and molar
volumes. Drawing on the work of Phaovibul and
Tang, we show how the self-consistency integrals
for the order parameters can be expanded in
confluent hypergeometric series. In addition we
have cast the statistical thermodynamic equations
of PDMB for chemical potentials into the
thermodynamic equal G analysis in order to better
understand the meaning of the parameters derived

from the PDMB analysis of the phase diagrams.

THEORY FOR BINARY MIXTURES

The treatment below is that of PDMB and the
derivation will be only briefly sketched until the
equations are expanded in the confluent
hypergeometric functions when the origin of the
final equations will be shown in detail,

The starting point in any statistical theory
is the <choice of the interaction potentials and
following PDMB, the psuedopotential for a molecule

1 (component 1) in phase & is written as
fu((ﬁk}’uG,) = b/:\j« (,(_‘\60( Sy P;\(M@\)
- W2z ()’LD( Sak Pz (/W"\et)

2
( 1 +\/LWH FID(S\O( *VLWIL lpzdsj‘{ 520\
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Here u, and u;; are the anisotropic
interaction energies between the like molecules 1
and 2 respectively while u,; is the anisotropic
energy of 1 with 2; further it is assumed that
Uy = ugg. The order parameter of i1 in phase & or
and

@ is given by the usual §; =<P, (cos8;)>

y: “,8
Fid‘é is the number demsity of i in phase &« or @.
Further f”ﬁﬁ = NL%F /Vd’é where Nid,ﬁ is the
number of 1 in the volume of the & or € phase
Vd)?. Replacing 1 with 2, & with g, where
appropriate will yield the psuedopotentials for 1
or 2 in the of or # phase. The extension to two

\

components and two phases takes the form, then, of

additional terms involving the u:

i and the cross

roducts in the order parameters S S .
p P 1,6 24, 8
In the four equations for the psuedo~
0 0
potentials it will be assumed that ﬂd = ‘F = ﬁ
[ ° o
and &4 = &? =32 which means that the isotropic
energies of each molecule are equal in each phase.

The Helmholtz enmergy for the total system is

A=A, + A@ and is given by
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2)

A :'i%fTXQ‘QA%QHi ‘“,/éTllngQlﬁcQLF

where

N (a, e

(jaﬁd(mewsbwf%”f@]

4W<Nto{,(3>!’

¢ 3) Qio()ﬂ:

The integration of the partition function
is carried out over ¢ and when several
substitutions and definitions are made, the result
for Ay is
A= \/0( { (7\0(2(‘10* ,/)’Zo(gf&o t \/L (&l
T 0 i (Tia /Pt
|

( 4) — LT ppu (T2 /(ME

where

- {ue &, 72(,/“‘49\
o)) Lbd)\ﬁ-de%W[———j%—m——J

Similarly for A@. Implicit in the above is
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the assumption u; = uy, =J?;:_;zz_3, the
geometric mean rule, and the total order

parameters defined for each phase as
(6) G = Vi et S, 0t an 2 S2at 2

The individual component order parameters,
e.g., S are defined in the customary

L, g
manner. Here we note that these total order
parameters are density weighted averages of the
order parameters of pure components.

Phase equilibrium is found by demanding that
the derivatives of the Helmholtz energy with
respect to the variables Uy ,O’é R N‘D(, NZO( be equal
to zero. The first two derivatives lead to
self~consistency relationships for @:,G@ while

the second two derivatives lead to the chemical

potentials. The results are

)
= M) B Use TealP

«7) I T

pa= B BT AT prc(no)

¢ 8 — AT A (Tik / )
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ﬂza\ = /ﬁo*‘/;f’?zq& */éT)ﬂm (vy-3)
( 9)
*}J,&«(I’m/{ﬂm)

where replacing £ witth gives the appropriate
equations for g phase. Implicit in these
equations is the assumption of volume additivity,
that is, the total volume of either phase is the
mole fraction weighted sum of the molecular
volumes of each component in phase,

The equations are conveniently cast now in
terms of volume fractions via Vi = PM Vi Yoy
/OZA v, where again changing « to@ givesﬁ phase
results., If ﬁ phase is taken to be the isotropic
phase than 6“@ = 0 and the above equations in

terms of volume fractions become, after equating

}’Lloi to ’A\(B and txw\ to Z\Az/g R

41ty Ut La(P2) Y2k U2z T,u(P2)
+

(10) & = - —
vy Lo Vo Lo
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(11)

222 -l <) oy (- 2 )=

+M%g+pﬂvgg

z _Vz =
AR TS

s+ pp(1-5)

Equations 10-12 are the results of PDMB,

What we have done next is to express the
integrals in the manner pointed out by Phaovibul
and Tang, that is, in terms of confluent
bypergeometric functions and then expanding the
functions to the linear term. Our procedure is as
follows. Since P,(cos®) = (3cosf0 - 1)/2

0% (3 oo 1)

1 = it [

(13)
fd W[ ;Lﬁ:,)]

vhere A =-ﬂuu GZ /kT and x = cos@, The error
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function in I, can be expressed in terms of a

confluent hypergeometric function Fl' Since

!

o -z z
I W SR

then letting uw,_: =43 A; x/2, substituting

into egqn 13, I, becomes

— ' v Y - -2A
(15) L. = b*f(é})lFl( By 72 ) = )
Further using the Kummer transformation
(16) |F (a,052) = appl2) F (emo A5 - F)

the I, of eqn 15 becomes

T, = onp(A) v ) R 072570

(17) Y.
= ap(-A) R (%25 77)

Equation 7 contains the integral I; (P, ) which

to the same level of approximation becomes

- T _l_‘ - - (:,A.f 3
(18) T(R)= Z<AL 0 _’%AL
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With these integrals now expressed in terms

of the confluent hypergeometric functions,

equations 10-12 become, on substituting I,

I, (P,), noting Yoxa = 1 = ¥ix » and collecting terms

(19)

(20)

(21)

Z

T, B P F Q -3A,
Z}J A'JPMQF jlm[ (' ﬂ

tye-yed(1-75 ) =0

Qv =9 g, F (1%~ 3A2
2rr At >~9\() [< - ’L)]

+(9M*2|(&3(“ /\—,):73,) =0

g“*{&]'/QT 9(4{;;
=2l s FO R T o
O~ YUz AT

275, 0 ' ’lﬁpun Ja ,F (';3/@'3'%1})

(=0 (1m0 AT
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At this point these equations could be solved

for y, 4 » ﬁg » and gz knowing T, v, , vy s

estimating u;;, from the Maier-Saupe result u;; = 5

k T. v,

. Vv and evaluating the | F (1,3/25z) functions

to complete convergence., It might be will to
remember here that these results assume the
geometric mean rule, volume additivity and the
same molecular volumes in each phase. Further we
assume that the Helmholtz energy is approximately
equal to the Gibbs energy and thus the equations
are, to a good approximation, applicable to the
constant pressure phase diagrams studied here.

The 1Fl(a,c;z) functions expand in series as

a(a+r) £z+_“

oL
F nAVE) = | + = &2 +
(22) ] l( PR } AL /L(/CTUZ.,.

Substituting this expansion up to the linear

term into equations 19-21 gives

(S AR (2) 1A
2 kT '?

- -V =0
(23) H?'é‘ 9“’“)(‘ VL)
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("flgz"‘)‘ Mzzgg\) +%(l:_§if<_>*j/n(t+/%2)

T b=
(24) 2k '

+(9m'9:@)<“ :—%) =0

G | AT Tl
24, <05<‘0i_«_1m> ity |

(25) wT
AT — ya
(L" ""3 2— Wap = = 0
Sy RN =

AT
It is this last set of equations which we have
programmed to solve for the nematicus (y;4 )
and the liquidus (y,@) lines as well as the total
order parameter Uy for the N-->N + I transition
temperatures and compositions.,

Among the phase diagrams considered below are
several which exhibit minima. From a
thermodynamic point of view a minimum forming
system is non—-ideal which infers that the
intermolecular forces of any arbitrary
composition are not simply related to the
intermolecular forces between molecules of pure

components, This suggests that it is poor to
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invoke the geometric mean rule to treat non-ideal
systems, However, it is not obvious from the
study of eqns 10-12 what could be adjudged
responsible for the minima, that is, the non-ideal
behavior. In an attempt to understand the origin
of such behavior the PDMB equations were cast in a
different form.

Normally to establish the equations for phase
equilibria, the chemical potentials of each
component in each phase are set equal, Another
approach, however, is to set the Helmholtz
energles of each phase equal, which under the
asumption that pV effects in condensed phases are
unimportant, gives Ay = G, = Gﬂ = Aﬂ and thus the
Gibbs energies are also set equal. This
treatment, called the equal G analysis by Oonk,
has the effect of reducing the composition
variables from two to one the value of which must
always lie between the true equilibrium
compositions of each phase.(7)

From the discussion above we write for «
phase

(26 B ™ Ax = Xfh + (1= %) P
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where again changing o to @ gives GF' Thus
(27) AP_A"R =0= X(Hl(s‘ﬂto{) *(“*)(f“z@—f*zﬂ

where x is mole fraction of the first

component. From before using eqns 8-9

(Wig-pa) = LT (v Mpzg- prn)

+/’1TXM.(.®0L ) _ o
e Rut)) %

where @ _(0) is the partition function for 5@

‘¢
= 0, To obtain the parallel expressions for the
second component exchange 1 and 2.

One of the key features of this analysis is
that the composition variables Yid s x@ , are
replaced by just one composition which is the
composition where Gy  and G@ are equal., It can be
shown that this composition must always be between
the equilibrium values of Y« and ylp. Here 1in
this case since the molar volumes of each
component are assumed equal in each phase the
equal G point infers Plo\ =()|@ and ()Zd\= && .

Thus the density terms drop out under these
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circumstances, and the chemical potential

differences become

_ 03

(29) (¥b@‘txu\5 = /kT/bm”L, — &2?7
a7 5

(30) (["(Z\B—"AZ"‘> = ij/n IL - %17_

and the total difference in Gibbs energy

(which equals zero) eqn 27 becomes

A
xﬁeugu:,— d4_Ys

ya

_ dx -0
+O_x\ TAnl, 2 ]

Equation 31, which is in effect a combination

of eqns 24 and 25, describes the equal G phase
diagram which is T, x graph where the composition
x is always between the true coexisting phase
compositions., If the two phase region is very
narrow, then the equal G phase diagram is a very
good estimate to the true phase diagram, Of
course the solutions of eqn 31 depend on(& which
must be found from a suitably modified eqn 23,

Rather than solving the coupled eqmns "23" and
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31, we studied the slope dT/dx of the equal G phase
diagram for the practical reason that is easier,
and, as it turns out, does shed some insight as to
the terms responsible for non-ideality. (See
below). To calculate dT/dx we first found dx/dT of
the the total equal G eqn 31, and then took its

inverse. Thus

(32)
/(A'x(;l> + ql(/vxliyll
T _ T 2T
dx -
Sxdin Iy dnLe Rt [ +1-X)]
4T 2 kT

where I; has the same meaning as in eqn 13,

If the integrals are expanded in terms of the
confluent hypergeometric series up to the linear
term and the Maier-Saupe result of u = 5 k TL A

is used, the result for the slope at any T, x

point 1is
dT

dx

(33) = = CURLEES W 0.3 S CT gy 7 RRY)

S AT ToOa ey |  AAT

- N
D
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0

7 2 \2
X‘M\( T\) N <"x>u21<}%:> GJ\I,:Xﬂf,Jr(l»)()’DE]

D= i & AN
A&y 27 - L‘*) T
2T<I e ) ( T 2k

where in this case the total order parameter

is given by

JTm XS, + Va1 —=x) S,

(34) Ty =
4 XAV, + (J—=X)yvo

¢

The limiting slope behavior is easily
obtained by setting x = 0 or 1 and T = T, or
T, respectively. Use of these equations is

illustrated below.

RESULTS AND DISCUSSION

Mixtures of homologus 4,4"-di-n,n"-alkoxy-
azoxybenzenes have been well studied. We present
here the results of applying PDMB theory and its
equal G modification to several binary phase
diagrams of these compounds that have been
quantitatively studied.(10) The nematic-isotropic
transition temperature and molar volume data for

the pure components is presented in Table 1. The
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symmetric azoxybenzenes studied here had terminal
alkyl chains whose length ranged from one to seven
carbons and a specfic homolog will henceforth be
abbreviated by the number of carbons in that
terminal chain. Hence 2 will refer to 4,4°-di-n,n”"-
ethyloxyazoxybenzene.

Since estimates can be made for u,; and u,

while T and v are known experimentally, the final

TABLE 1

NEMATIC-ISOTROPIC TRANSITION TEMPERATURES AND
MOLECULAR VOLUMES FOR 4,4"-di-n,n”-ALKOXY-

AZOXYBENZENES
COMPOUND TEMPERATURE(a) VOLUME(b)

1, Methoxy 408.5 3.74
2, Ethoxy 440.7 4.40
3. Propoxy 396.8 4,96
4, Butoxy 409.9 5.63
5, Pentoxy 396.4 6.13
6, Hexoxy 402.3 6.76
7, Heptoxy 397.2 7.29

(a) Data from reference (8). Units: K
(b) Data from reference (9). Units:
10722 cn3® /molecule
equations of the theory, eqns 10-12 are three

equations in the three unknowns Vio 3 ﬁ@ s andG; .

These equations were solved using a numerical
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analysis routine implementing Marquardt’s method
for finding roots of systems of equations.(11)

This method, which is a modification of Newton’s
method, invokes an extra parameter to allow for

functions with steep slopes, and those which are
slow to converge.

In order to solve for the desired variables
of (4 and composition, the interaction parameters
u, and wu g, as mentioned above, must be
estimated. Various estimates were tried. Initially
the relationship suggested by Maier-Saupe where
uy fuy; = K(T, v, /T,v;) and K = 1 was used. Desired
agreement of theory and experiment was achieved
only if the ratio u, /uZZ was very close or equal
to one in all systems. Even a slight deviation
from one for this ratio caused a large disparity
between experiment with theory. Manipulation of
the values of uy and u;,; while maintaining their
ratio at one, resulted in only slight variations
and/or smoothing of the theoretically derived
phase diagrams. The effects on the phase diagram
by changing the u;; values were relatively minor.
However, the effects onGZ were quite large. The

interaction parameters given in Table 2 were those



Downloaded by [Tomsk State University of Control Systems and Radio] at 13:19 20 February 2013

NEMATIC-ISOTROPIC COEXISTENCE LINES 21

that yield 04 “s such that the individual order
parameters S, and S, were "close" to the
traditional value of 0.4,

In the approximation of only a single term
expansion for the integrals, the failure of the
Maier-Saupe estimate for u,; can readily be seen
from the general slope equal G eqn 33. For eqn 33
to describe a minimum, dT/dx must equal zero which
can only occur if u, 03 , or u,, dx equal kT,
Since the Maier-Saupe estimate sets u{L = 5 k T; v,
and given the definition of T4 in eqn 34,
neither condition can ever be met for reasonable
values of 0; and hence 8;. By the nature of the
definition of 0y , the magnitude of its actual
numbers is not very informative, but the trends in
Gx with T and x for a given phase diagram are
interesting. If the phase diagram exhibits a
minimum so does J; when plotted vs composition, If
the phase diagram is a simple spindle with
positive or negative slope, O; also increases or
decreases monotonically with composition., Such
behavior certainly argues against the order
parameter of a pure material being a universal

constant, a fact which is immediately obvious from
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the results in Table 2.

TABLE 2

INTERACTION PARAMETERS AND PURE COMPONENT ORDER
PARAMETERS FOR BINARY MIXTURES OF HOMOLOGUS
4,4°-di-n,n"-ALKOXYAZOXYBENZENES

SYSTEM INTERACTION ORDER PARAMETERS
Component 1 PARAMETER Component 1
Component 2 Uii(a) Component 2
2 1 6.76 0.40 0.32
3 1 3.45 0.81 0.59
4 1 7.76 0.42 0.26
7 1 5.83 0.69 0.35
3 2 6.76 0.39 0.38
4 2 6.76 0.46 0.38
5 2 8.83 0.36 0.29
6 2 8.83 0.41 0.29
5 3 8.18 0.42 0.31
5 4 7.76 0.42 0.39
6 4 8.83 0.41 0.35
6 5 8.83 0.44 0.39
(a) Units: 107 erg cu

In Table 3 are the limiting slope values
calculated from the observed u;_ and I values.
The limiting slopes were calculated from the
equations below which were obtained from eqn 33 by
setting u ) = uz;, and x = 0 and T = Ty s or x =1

and T = T; . Thus
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d A Uz |
,k/T'),/\j\Z“ uzLSL
(36) dT _ T\(’U:)_“,Ut)
T m

/k,Tl’V‘, - M.usl

Several disconcerting features of the results
in Tables 2 and 3 are evident with very little
study. Any given S. value, since it represents the
order parameter for pure i, should be the same
regardless of whether it is calculated for amn ij
or an ik mixture. This aspect of S; is not
evident in the results given in Table 2. Moreover,
this inconsistency in the 5; values is not
understood., The calculated limiting slope values
presented in Table 3 match at least all signs of
the observed slopes. Agreement in terms of
magnitudes is only fair to poor, however. Since
T , v , and S, should all be the same for a given
pure i, the limiting slope of pure component i in
an ij or ik mixture is only a function of the
interaction parameter u;; for the ij or ik

mixture., In fact since both S; and u;, vary in ij
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and ik mixtures (Table 2), the poor values for the
calculated slopes most likely must be caused by

the same effect that gives rise to the

TABLE 3

LIMITING SLOPES FOR PURE COMPONENTS CALCULATED BY
THE EQUAL G ANALYSIS FOR BINARY PHASE DIAGRAMS OF
4,4°-di-n,n"~ALKOXYAZOXYBENZENES

SYSTEM LIMITING SLOPES(a)
Component 1

Component 2 Component 1 Component 2
2 1 0.6( 17) 0.3( 43)
31 -2.8(-42) 2.1( 3)
4 1 -2.4(-36) 1.3C 16)
7 1 -4,4(-137) 0.9(C 23)
3 2 -0.9(~52) -0.6(-35)
4 2 -2.0(-52) -1,0(-19)
5 2 ~-2.3(-69) -2.2(-30)
6 2 -3.1(-87) -2.,1(-16)
5 3 -2.1(-13) 0.8( 15)
5 4 ~0.,7(-14) -0.9(-14)
6 4 -0.9(- 6) -1.0(- 9)
6 5 0.4(C 2) 0.6C 9)

(a) Units: K. Phase diagrams in text are plotted
with mole fraction of component 1 increasing left
to right. The limiting slope of component 1 should
match the slope observed in the limit at the right
hand side of the diagram. Observed values are
given in parenthesis.

inconsistent S${ values.
Some of the phase diagrams drawn using the

methods discussed so far are shown in Figure
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FIGURE 1. CALCULATED (-) AND EXPERIMENTAL (o)
ISOBARIC PHASE DIAGRAMS FOR BINARY MIXTURES OF
4,4°-di-n,n"-ALKOXYAZOXYBENZENES., SYSTEMS ARE
DESIGNATED BY THE NUMBER OF CARBONS IN THE TERMINAL
ALKOXY CHAIN. THUS 12 MEANS A MIXTURE OF METHOXY-
AND ETHOXY- HOMOLOGS, EXPERIMENTAL DATA WAS
OBTAINED FROM REFERENCE 10 IN TEXT,

1.(12) The 0”s are experimental points. The
theoretical lines seem to give good agreement in a
wide variety of systems., The systems exhibiting a
pronounced minima are not as well described,
however. While the minima diagrams look
reasonable, they are misleading, since the
nematicus and liquidus lines cross instead of
coming tangent at the minimum point which is
obviously incorrect behavior, but also not
understood at this time. The system of equations
does account for the whole phase diagram, with
both nematicus and liquidus lines calculated.
These lines are extremely close together both in
theory and experiment. As an unexplored area for
future work the fact that the lines are
experimentally so narrow means that the equal G
phase diagram obtained by solving eqn 31 should be
an excellent approximation to the true phase
diagram.

Several comments on these results in the way
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of conclusions are pertinent., First the empirical
finding that the solution to the equations
required u,, = u;; does not make physical sense
since clearly the intermolecular forces between
two different molecules should be different. This
finding appears to be saying an 1] system is
described by some average interaction parameter
whose relationship to u;, and uj; is unknown.
Empirically the result of u equaling u,, may be
due to any one of several assumptions: use of the
geometric mean rule; use of volume additivity;
expansion of the confluent hypergeometric series
only to the first term. The work of Phaovibul and
Tang clearly showed that volume additivity does not
hold for mixtures of these azoxybenzenes but the
effect should not be of such a magnitude to
account for the inconsistencies 1in these
calculations. The most likely cause is the
expansion to only the linear term. The equations
could be solved rigorously by numerical evaulation
of the integrals involved. This was not done
here in the attempt to see if good calculations
could be obtained with the simplifying expansion

successfully used by Phaovibul and Tang (5) in
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their earlier work on these compounds., Expansion
to the quadratic term looks to entail as much
effort as simply numerically evaulating the
integrals directly; thus while such an expansion
might have yielded better results, it was not
tried.

Regardless of the origin of the effects
described by the equations the fact remains that
the theory can calculate phase diagrams including
non-ideal minima systems even if the agreement with
experiment is not the best., Again the assumption
of the geometric mean rule is associated with the
concept of ideal behavior in terms of the
intermolecular forces between different molecules.
That the theory calculates the non-minimum
diagrams with fair success should not be
surprising since the deviation from ideality does
not seem to be very great, but that it can
calculate minima systems which are definitely
non-ideal in terms of intermolecular forces is

quite surprising.
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